A g e n e r a l l z e d s p e c t r a l t r a n s f o r m is d e f i n e d by extending the kernel of the conv e n t i o n a l s e c t i o n a l l z e d F o u r i e r t r a n s f o r m (SFT). The generalizedtransform accumulates signal energy along narrow dynamic spectral channels which may be made t o conform t o the instantaneous frequency dynamics of a given s i g n a l . This property may be used t o a c h i e v e optimum d e t e c t i o n o f a d e t e r m i n i s t i c a l l y known s i g n a l , o r t o estimate t h e s p e c t r a l dynamics o f an unknown s i g n a l o v e r the temp o r a l limits of the transform. AS an i n i t i a l step toward achieving t h e g e n e r a l s p e c t r a l transform, the c a n t e d s p e c t r a l t r a n s f o r m (CST) i s d e f i n e d by using a quadratic phase k e r n e l . The statistical p r o p e r t i e s of the CST are derived and compared with t h o s e of the conventional SFT. S t a t i s t i c a l d i s t r i b ut i o n s of the peak cant variable for
INTRODUCTION
The s e c t i o n a l l z e d F o u r i e r t r a n s f o r m (SFT) accumulates signal energy along narrow s p e c t r a l l y i n v a r i a n t c h a n n e l s ( f r e q u e n c y bins) over the temporal limits of the t r a n sform i n t e g r a t i o n i n t e r v a l . This r e s t r i c t i o n on s i g n a l s p e c t r a l dynamics i s imposed by t h e kernel exp { -1 2 n f t I . The restrict i o n i s a r b i t r a r y -one may accumulate sign a l energy along any dynamic spectral path by choosing a s u i t a b l e kernel f u n c t i o n t o use i n the transform. To extena the phase kernel from l i n e a r t o q u a d r a t i c i s a step toward the generalized concept.
T h i s form of the s p e c t r a l t r a n s f o r m i s called the c a n t e d s p e c t r a l t r a n s f o r m (CST) . It accumu l a t e s s i g n a l e n e r g y a l o n g s p e c t r a l p a t h s which are canted (or l i n e a r l y s l o p i n g ) with r e s p e c t t o time.
FORMULATION OF THE CST
The discrete form of the c a n t e d s p e c t r a l transform (CST) t o be s t u d i e d in this paper is The s i g n a l s(t is assumed t o be unif ormly sampled over time increments A t . The t r a n sform i n t e g r a t i o n time T is t h e r f o r e N A t .
The b i n width of the s p e c t r a l c h a n n e l s is 1 / T , cgntered a t f -P I T . The frequency channels i s V / T~ . Thus, the c a n t v i s the i n t e g e r number k of frequency bins s h i f t e d over the t r a n s f o r m i n t e g r a t i o n time T . The f a c t o r W is e q u a l t o N f o r the conventional r e c t a n g u l a r window ( 1.e. no window 1, and e q u a l s N/2 f o r the Hanning window. The spect r a l channel width 1 / T i s generally chosen t o encompass the short-term bandwidth of the narrowband s i g n a l components of i n t e r e s t , and t h e range of t h e c a n t v a r i a b l e i s chosen t o encompass the anticipated frequency s h i f t of the s i g n a l components over the transform i n t e g r a t i o n time. A s a consequence, the class of narrowband s i g n a l s most s u i t a b l e f o r a n a l y s i s by the CST. i s t h a t whose member's instantaneous frequency deviates from l i n e a r o v e r time T no greater than approximat e l y 1 / T I slide f = A f / T = A k / T of the s p e c t r a l US. Government work not protected by U.S. copyright.
35.2.1
Since the CST i s s t r u c t u r e d t o accumu l a t e s i g n a l e n e r g y a l o n g c a n t e d or s l o p i n g channels in the frequency-time plane, l e t s ( t ) be a s i g n a l whose Instantaneous freq u e n c y v a r i e s l i n e a r l y w i t h time. That is, l e t In t h i s e v e n t , t h e CST becomes, from Graphs of the CST characteristic f u n c t i o n f o r the r e c t a n g u l a r window ( i . e . no window ) f u n c t i o n are shown i n F i g . 1. The topology i s mapped o v e r i n t e g e r increments of x and y a b o u t i n i t i a l o f f s e t s of either 0 o r 1/2. As a v i s u a l aid. t h e discrete values along the x-axis are conn e c t e d b y s t r a i g h t l i n e s . The o f f s e t s of 1/2 i n either or both the x and y axis are i ntended t o d e p i c t the effect of noninteger v a l u e s f o r t h e signal parameters k and V , on the r e s u l t i n g t o p o l o g y . In the'upper left-hand diagram, the parameters ko and Voare both integers. Consequently, a peak value of 1 i s a c h i e v e d f o r x = y = 0. In the upper right-hand diagram, the parameter k i s d e p i c t e d t o be a n odd multiple of 1/2. T%at i s , the i n i t i a l f r e q u e n c y i s d e p i c t e d t o start at the edge of a CST b i n , while the c a n t vo remains an integer.
In the lower left-hand diagram, t h e parameter ko i s an i n t e g e r while the cant parameterv,is depicted t o be an odd m u l t i p l e of 112. In t h i s s i t u a t i o n . the cant can never be f u l l y compensated by the i n t e g e r v a r i a b l e u . The lower right-hand diagram d e p i c t s the S i t u at i o n where both ko and\), are odd m u l t i p l e s of 1/2. I n r e a l i t y , the two scale, o f f s e t s can f a l l anywhere between?1/2. In P i g . 1,
only the e x t r e m e o f f s e t s are d e p i c t e d . To study the sffect of a shading window f u n c t i o n on t h e CST, the Hanning window i s used. n this c a s e , t h e window f u n c t i o n w, i s sin (nn/N) and N/W = 2 . The g r a p h i c a l p l o t s o f t h e characteristic f u n c t i o n w i t h . IIanning window are shown i n F i g . 2.
2 Fig.2 -Topology of the CST Characteristic Function Z(x,y) for a Hanning window. The rationale and peak charactsristics of the four diagrams are the same as described In ever. more smooth. And, the peak of the topology de- The topology for the shaded window ia, howcays less rapidly (along the line of minimum phase excursion x --y/2t a s the absolute value of y increases.
CANT SELECTIVITY
A study of t h e characteristic function topology for tb6 two window f u n c t i o n s ( P i g s .
35.2.2
1 and 2) r e v e a l s marked d i f f e r e n c e s i n the c a n t s e l e c t i v i t y .
In the case of the rect a n g u l a r (no window case, s i n c e W n -1 over the i n t e g r a t i o n i n t e r v a l ) , the peak of the contour i s more sharply defined. The v a r i at i o n of the contour over the x , y p l a n e is, however, more erratic. A t the l a r g e r v a l u e s of y, t h e spread of the peak along the x-axis is r e l a t i v e l y b r o a d . On the other hand, the topology of the characteristic f u n c t i o n f o r the Hanning window is r e l a t i v e l y smooth, and i t d i s p l a y s a more g r a d u a l f a l l -o f f along the l i n e y = -2 x . For the purpose of estimating the cant of a l i n e a r -f r e q u e n c y -s l i d e s i g n a l , the r e c t a n g u l a r window would prove superior; p a r t i c u l a r l y , i n a noisy environment.
To o b t a i n a q u a n t i t a t i v e measure of the c a n t s e l e c t i v i t y , the peak value of Fig. 3 as a f u n c t i o n of i n t e g e r v a l u e s of the c a n t v a r i a b l e . The diagrams display t h e expected value (small circle) and the range of v a r i a t i o n of Z(x,y> due t o random o f f s e t s . The value of Z(x,y) a t each y in Fig. 3 
are uniquely dependent on the s p e c i f i c o f f s e t s . T h u s , the i n d i c a t e d v a r i a t i o n s a l o n g the abscissa are not independent but are h i g h l y c o r r e l a t e d .
The r e s u l t s d e m o n t r a t e the s u p e r i o r i t y of the r e c t a n g u l a r window in r e s o l v i n g the c a n t of a narrowband s i g n a l in a noisy background environment. 
CST STATISTICS FOR A SIGNAL I N NOISE
Consider the c a n t e d s p e c t r a l t r a n s f o r m of a signal comprised of a linear frequencymodulated sinusoid and random Gaussian dist r i b u t e d n o i s e . L ,q) ; such t h a t , X.< x f o r a l l j. a n d ; r i s a member of the sed i V j 1 . O f i n t e r e s t will be the dist r i b u t i o n s of: as a f u n c t i o n of the inband s i g n a l -t o -n o i s e r a t i o r and f r a c t i o n a l o f fsets in the parameters k, and V, .
The desired d i s t r i b u t i o n s wer-3 measured experimentally using (3) i n e q u a t i o n (1). f o r a r e c t a n g u l a r window. The 
DISTRIBUTIONS OF THE PEAK CANT
As expected, the d i s t r i b u t i o n s o f ? are independent of the parameterv, as long as Vo is a n i n t e r i o r c a n t w i t h i n the range of the c a n t s V , and i s not in close proxi m i t y t o a n 2nd value. The d i s t r i b u t i o n s are independent on the o f f s e t s of bothk, and V o from their n e a r e s t i n t e g e r v z l u e s . Figure 4 shows the d i s t r i b u t i o n s o f as a f u n c t i o n of the i n b a n d s i g n a l -t o -n o i s e r a t i o r , f o r a r e c t a n g u l a r window and f o r fract i o n a l o f f s e t s of the parameter k, and U0 .
The upper left-hand diagram shows the dist r i b u t i o n s when both ko a n d u o a r e i n t e g e r s . The upper right-hand diagram illustrates the effect of .k, b e i n g o f f s e t by 1 / 2 ; that i s , t o the edge of the k b i n . The lower l e f thand diagram i l l u s t r a t e s the case wherev, I s midway between two i n t e g e r c a n t s .
The lower right-hand diagram illustrates the case where both kd and.vo are off set by 1 / 2 . From the figure,; one c a n r e a d i l y see that a c a n t s h i f t of one nearly compensates for the degradation induced by t h e s i g n a l f r e q u e n c y occluring a t the edge of the s p e c t r a l b i n . F u r t h e r , the d e g r a d a t i o n r e s u l t i n g from the s i g n a l c a n t b e i n g midway between two i n t e g e r c a n t v a l u e s is p a r t i a l l y compensated when the signal frequency i s o f f s e t from the b i n c e n t e r . I n p r a c t i c e , the values of k, and %can be e x p e c t e d t o be uniformly distributed over 2 0.6 frzm an Integer value. from Figs. 1 and 2 , the d i s t r i b u t i o n s f o r values of k remote from ko can be s i g n i f icantly d i f f e r e n t for the two window funct i o n s .
SUMMFIY AND CONCLUSIONS
The c o n v e n t i o n a l s e c t i o n a l i z e d F o u r i e r transform (SFT) accumulates signal energy i n narrow spectral channels or frequency b i n s which are constant over t h e i n t e g r a t i o n time of the transform. It B a s been shown t h a t by extending the phase kernel of the SFT, signal energy over narrow spectral channels t h a t vary dynamically over the i n t e g r a t i o n p e r i o d c a n be accumulated t o achieve optimum d e t e c t i o n s e n s i t i v i t y f o r a narrowband signal whose instantaneousfrequency dynamics are known. When the spect r a l dynamics of t h e s i g n a l are unknown, the parameters of the g e n e r a l i z e d k e r n e l may be v a r i e d t o o b t a i n estimates of the i n p u t s i gnal frequency dynamics. The c a n t e d s p e c t r a l transfrom (SFT), which employs a q u a d r a t i c phase kernel, is a n i n i t i a l s t e p t o w a r d achieving a g e n e r a l i z e d s p e c t r a l t r a n s f o r m .
The s t a t i s t i c a l p r o p e r t i e s o f the CST 1484 r e v e a l t h a t shaded window f u n c t i o n s are e n e r a l l y i n f e r i o r t o t h e r e c t a n g u l a r window commonly refered t o as no window) in disc r i m i n a t i n g t h e cant of s i g n a l s whose ins t a n t a n e o u s f r e q u e n c y v a r i e s l i n e a r l y with time. Although the p r i m a r y u t i l i t y of the CST is i n d e t e c t i n g s i g n a l s with l i n e a r l y v a r y i n g f r e q u e n c y c h a r a c t e r i s t i c s , i t a l s o has merit as a conventional spectrum anal y z e r b y a p p r o p r i a t e l y e x p l o i t i n g the dist r i b u t i o n characteristics of t h e peak cant v a r i a b l e . The s t a t i s t i c a l properties of the CST f o r b o t h s i g n a l a n d n o i s e p r o v i d e a basis for determining the performance of t h e transform in p r a c t i c a l a p p l i c a t i o n s .
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